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RELAXATION TIMES FOR ATOM DISLOCATIONS IN CRYSTALS 


STEFANIA PATRIZI AND ENRICO VALDINOCI 

Abstract. We study the relaxation times for a parabolic differential equation whose 
solution represents the atom dislocation in a crystal. The equation that we consider 
comprises the classical Peierls-Nabarro model as a particular case, and it allows also 
long range interactions. 

It is known that the dislocation function of such a model has the tendency to con¬ 
centrate at single points, which evolve in time according to the external stress and a 
singular, long range potential. 

Depending on the orientation of the dislocation function at these points, the potential 
may be either attractive or repulsive, hence collisions may occur in the latter case and, 
at the collision time, the dislocation function does not disappear. 

The goal of this paper is to provide accurate estimates on the relaxation times of 
the system after collision. More precisely, we take into account the case of two and 
three colliding points, and we show that, after a small transition time subsequent to the 
collision, the dislocation function relaxes exponentially fast to a steady state. 

In this sense, the system exhibits two different decay behaviors, namely an exponential 
time decay versus a polynomial decay in the space variables (and these two homogeneities 
are kept separate during the time evolution). 


1. Introduction 

In this paper we consider a function x), which depends on the time variable t ^ 0 
and the space variable x G M, and which represents the atom dislocation in a crystal 
(in this setting, the small parameter £ > 0 represents the size of the periodicity of the 
crystal). 

The evolution of Ve(t, x) is governed by a parabolic equation of nonlocal type, in which 
the variation of in time is produced by an elastic, or ferromagnetic, effect and is influ¬ 
enced by the periodic structure of the crystal at a large scale. These types of equations 
have been widely studied after the pioneer work of Peierls and Nabarro (see e.g. mn and 
the references therein). Moreover, some generalizations of the original model of Peierls 
and Nabarro have been recently considered to take into account long range interactions 
with different scales (see Hi) and the system can also be linked to the classical model 
at the atomic scale which was introduced by Frenkel and Kontorova (see 0). Different 
space/time scale of the model also produce homogenization results, whose effective Hamil¬ 
tonian depends on the scaling properties of the operator (in particular, this Hamiltonian 
may present either local or nonlocal features, see [lOl US]). We also refer to [Q] [T2| for 
some parabolic equations with classical diffusion and multiple-well potentials. 
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For small e, the dislocation function approaches a piecewise constant function (see [HI 
HEmi]). The plateaus of this asymptotic limit correspond to the periodic sites induced 
by the crystalline structure, but its jump points evolve in time, according to the external 
stress and a singular potential. Roughly speaking, one can imagine that the discontinuity 
points of this limit dislocation function behave like a “particle” system (though no “ma¬ 
terial” particle is really involved), driven by a system of ordinary differential equations 
which describe the position of the jump points xi{t),... 

We refer to Section 2 in ^ for a discussion of the link between the integro-differential 
equation which governs the evolution of the dislocation function and the system of 
ode’s which drives the particles xi,..., xn- See in particular Subsection 2.2 of [ll] for a 
detailed heuristic discussion. Remarkably, the physical properties of the singular potential 
of this ODE system depend on the orientation of the dislocation at the jump points. 
Namely, if the dislocation function has the same spatial monotonicity at x* and Xj+i, then 
the potential induces a repulsion between the particles Xj and Xj+i. Conversely, when the 
dislocation function has opposite spatial monotonicity at x* and Xj+i, then the potential 
becomes attractive, and the two particles may collide in a hnite time T^. In formulas, in 
the collision case we have that Xj(f) ^ Xj+i(f) for any t G [0,Tc), with 


( 1 . 1 ) 


lim Xi(Tc) = lim Xi+iiT^) =: Xc- 


Often, we will use the notation Xi(Tc) 


Xj+i(Tc) to denote the collision described by (1.1). 


At the collision time Tc, the dislocation function does not get annihilated. More pre¬ 
cisely, it asymptotically vanishes outside the collision point Xc, but, in general, 

limsupne(t,Xc) ^ 1. 

£— 

£—>•0 + 

Roughly speaking, this suggests that the dislocation function keeps some nontrivial effect 
after the collision time (notice indeed that, since the jump points x, do not correspond to 
a “material” particle, the evolution of the dislocation function persists even after the 
collision time T^). 

The objective of this paper is therefore to study the behavior of the dislocation function 
after the collision time Tc- We will prove that there exists a transition time (with > 
Tc, and Tg —>■ Tc as £ —)■ O’*") such that, when t ^ T^, the dislocation function decays to 
the steady state exponentially fast in time, uniformly with respect to the space variable. 

More precisely, we will consider here the case of two and three particles and show 
that the limit conhguration of is either a constant (in the case of two particles) or a 
heteroclinic (in the case of three particles). We show that at the time Tg the dislocation 
function Xg gets close to this limit conhguration, and, for £ ^ Tg, the dislocation approaches 
the limit exponentially fast. 


This exponential decay may be explicitly quantihed via the expression 


3'^,2s + 1 


( 1 . 2 ) 

where c is a positive constant and 2s G (0,2) is the order of the integro-differential operator 
in the evolution equation (the case s = 1/2 has indeed special physical interest, see e.g. 
mn)- It is worth to point out that the decay in (|1.2[) improves as £ —)• O’*". 
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We also stress that such exponential decay is not obvious from the beginning. On the 
contrary, solutions of integro-differential equations in general present a polynomial (and 
not an exponential) tail, see e.g. [13], and also in our case the transitions considered have 
only a polynomial decay in the space variables. In a sense, the exponential decay in (1.2) 


is a consequence of the fact that, at the right space/time scale, the integro-differential 
operator acts only in the space coordinates, allowing the time derivative (which is a local 
operator) to recover the exponential decay of classical flavor. 

We stress that the results of the present paper are new even in the case s = 1/2. 

For the formal mathematical treatment of this model, we introduce the following nota¬ 
tion. We consider the problem 


(1.3) 


_ne(0,-) =n° 


^W'ive) + in(0,+(X)) 


X 


on 


where e > 0 is a small scale parameter, hF is a periodic potential and Xg is the so-called 
fractional Laplacian of any order 2s G (0, 2). Precisely, given (p G C'^(M^) fl L°°(M^), let 
us define 


(1.4) 


Xg[p]{x)-=PV 


ip{x + y) - ip{x) 


\y\ 


N+2s 


dy, 


where PV stands for the principal value of the integral. We refer to im and [5] for a 
basic introduction to the fractional Laplace operator. On the potential W we assume 


(1.5) 


'W G (^^’"(M) for some 0 < a < 1 

W{v + 1) = W(v) for any n G M 
hF = 0 on Z 

hF > 0 on M \ Z 

[W"(0) > 0. 


The function a satisfies: 


{ a G BUC{[0, -fcx)) X M) and for some M > 0 and a G (s, 1) 

Ik.lU °°([0,+oo)xR) + ||<Ti||l,°o([0,+oo)xM) ^ M 

\ax{t, X + h) — ax{t, t )! ^ M|h|“, for every x, h G M and t G [0, -|-cx)). 

From the viewpoint of physics, W represents the potential produced by the periodicity of 
the crystal at a large scale and a is an external forcing term (see |1| for a more detailed 
discussion). 

In this paper we consider the case in which the initial condition in ( |1.3 ) is a superposition 
of either two or three transition layers with different orientation. Precisely, let us introduce 
the so-called basic layer solution u associated to Xg, that is the solution of 


(1.7) 


Xg{u) = W'{u) 
u' > 0 

lim u{x) = 0, lim u{x) = 1, m(0) = -. 

l—!■ —CXD X—I' + OO 2 


m 

in 
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This is the basic transition layer that we will use to construct our initial data. Namely, 
we will consider in this paper two types of initial data. The hrst case deals with the 
superposition of two transition layers with opposite orientations: in this case the points 
associated with the transitions attract each other, a collision occurs and slightly after 
collision the system goes to rest exponentially fast. The second situation considers three 
transition layers with alternate orientations: in this case, the middle point is attractive 
for the two external ones, a collision (possibly, a multiple collision) occurs and after a 
short transient time the system approaches exponentially fast the steady state given by 
a single transition layer. 


These results will be rigorously presented in the forthcoming Subsections 1.1 and 1.2 


1.1. The case of two transition layers. Given let us consider as initial con¬ 

dition in (1.3) 


( 1 . 8 ) 

where 


%{x) = -^a{0,x)+u 


+ u 


/^O 

vt/ 2 vt/ 


- 1 , 


(1.9) 


13 := W''{Q) > 0, 


and u is solution of (1.7). One may consider in the formula above the term (j(0, x) as the 
effect on the dislocation of the external stess at the initial time (of course, if no stress 
is applied at the initial time, this additional dislocation vanishes). Let us introduce the 
solution {xi{t),X 2 {t)) to the system 


( 1 . 10 ) 


where 

( 1 . 11 ) 


Xi = 7 


X2 = l 


Xi - X2 


2s\xi — 

X2 - Xi 




2s\x2 — X\ 


12s 


+ CF{t,X2) 


^xi(O) = x?, 0)2(0) = xl, 


in (0,Tc) 
in (0,Tc) 


7 := 


{v!{x)Ydx 


-1 




and (0,Tc) is the maximal interval where the system (1.10) is well dehned, i.e. Xi{t) < 
X 2 {t) for any t G [0,Tc) and a;i(Tc) = X 2 {Tc). 

In general, it may happen that Tc = +oo, i.e. no collision occurs. On the other hand, 
it can be shown that when either the external stress is small or the particles are initially 
close to collision, then Tc < -|-cx). More precisely, in na we proved that if the following 
condition is satisfied 


either a ^ 0 


or X 


0 


xV < 


2s|k||c 


then the collision time Tc is hnite. 

In the setting of finite collision time, we prove here that the dislocation function v^, 
after a time T^, which is only slightly larger than the collision time Tc, becomes small 
with £. The precise result goes as follows: 
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Theorem 1.1. Assume that (1.5), (1.6), (1.8) hold and < +cxd. Let he the solution 


of (1.3)-(1.8). Then there exists £o > 0 such that for any e < Eq there exist T^, > 0 


such that 


and 


Te = Tc + o{l), = o(l) as £-)■ 0 


( 1 . 12 ) 


Vg(Tg,x) < Qg for any x € 


The result above can be made precise by saying that, if the system is not subject to any 
external stress, then the dislocation function decays in time exponentially fast. More 
precisely, we have: 


Theorem 1.2. Assume that (1.5), (1.6), (1.8) hold and that a = 0. Letv^ be the solution 


of (1.3)-(1.8). Then there exist £o > 0 and c > 0 such that for any e < Eq we have 
(1.13) \vi;{t,x)\ ^ g^e'^EA+i ^ for any x G M and t ^ T^, 

where T^ and Qe are given in Theorem\l . 1\ 


The evolution of the two particle system and of the associated dislocation function, as 
obtained in Theorems ]_T and 1.2[ is described in Figure 1. 



Figure 1: Evolution of the dislocation function in case of two particles. 


1.2. The case of three transition layers. Next, we consider the case in which the 
initial condition in (1.3) is a superposition of three transition layers with different orien¬ 
tation. Precisely, let = 1, C ,2 = —1, Cs = 1- Given x\ < x\ 


initial condition in (1.3) 


< Xg, let us consider as 


(x) = ya(0,x) + ("Ci — 


2 = 1 


x. 


1 , 


(1.14) 






























6 


STEFANIA PATRIZI AND ENRICO VALDINOCI 


where /3 is given by (1.9) and u is solution of (1.7). Let us introduce the solution 


{xi{t)^X 2 {t),X 2 ,{t)) to the following system: for i = 1,2,3 

Ii+2s ~ 1 in(0,Te) 


(1.15) 


Xi 


2s|a:,' 


^* = 71 2^ CC 

J¥=i 

.a;i(0) = x^, 


Xh 


Xi 


where 7 is given by (1.11) and is the collision time of system (1.15), i.e. 


Xi+i{t) > Xi{t) for any f G [0, Tc) and z = 1, 2 
and there exist zq such that 

^*0+1 (^c) ^io( 7 c)' 


The hrst result that we prove in the three particle case is the analogue of Theorem 1.1 


That is, we show that after some time that is just slightly bigger than the collision time, 
the dislocation function becomes comparable, up to a small error, with the associated 
steady state. The case of three particles is, on the other hand, different from the case 
of two particles, since the steady state associated with the case of three particles is the 
heteroclinic (and not the trivial function as in the case of two particles). 

This phenomenon may be, roughly speaking, explained by the fact that in case of 
two particles, the collision of the two particles “annihilate” all the dynamics, nothing 
more is left and the system relaxes to the trivial equilibrium. Conversely, in the case of 
three particles, one has that two particles “annihilate” each other, but the third particle 
“survives”, and this produces a jump in the dislocation function - indeed, these “purely 
mathematical” particles correspond to an excursion of the dislocation, from two equilibria. 


which is modeled by the standard transition layer in (1.7). The precise result is the 
following: 


Theorem 1.3. Assume that (1.5), (1.6), (1.8) hold and < +cxd. Let be the solution 


of (1.3)-(1.14). Then there exists Eq > 0 such that for any e < Eq there existTf, Tf, Pe > 0 


and ye, Ze such that 


Tj, = Tc + 0(1), Qe = 0(1) as £ -)■ 0, 
- ye\ = 0(1) as £ -)■ 0 


and for any a: G M 


(1.16) 

Ve{T^,x) ^ u 

and 


(1.17) 

Ve{T^,x) ^ u 

where u is the solution of (1.7). 


X-Ve 


X — Ze 


+ t>£ 


Qei 


Next result is the analogue of Theorem 1.2 in the three particle setting. Roughly speak¬ 


ing, it says that, after a small transition time after the collision, the dislocation function 
relaxes towards the standard layer solution exponentially fast. The formal statement is 
the following: 
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Theorem 1.4. Assume that (1.5), (1.6), (1.8) hold and that a = 0. Letv^ he the solution 
of (1.3)-(1.14). Then there exist £o > 0 and /x > 0 such that for any e < Eq there exists 
= o(l) as £ —>■ 0 such that 

(1.18) 

/ 

v^{t, x) ^ u 


x-VeA K^qAi - e 


o~ e^s + l \ \ 


V 


M(t-rg) 

-f g^e £^'*+1 . 


for any t G M and t ^ T^, 


/ 


(1.19) 

Ve(t, x) ^ U 


/ / Kt-T^) \ \ 

' X - Ze- KeQe 1-6 ' 


V 


Kt-Ti) 


Q^e £^'*+1 , for any x G M and t ^ 




where Tf, , g^, y^ and are given in Theorem 1.3 and u is the solution of (1.7). 


Corollary 1.5. Under the assumptions of Theorem 1_A, there exists £o > 0 such that for 
any e < Eq, there exist a sequence t^ — )■ +C )0 as k ^ -|-oo, and a point G M with 

(1.20) y^ K^g^ < x^ < K^g,^., 

such that 

' X — Xp 


( 1 . 21 ) 


vAtk.x) -)■ u 


as k ^ -foo, 


where yi^, z^, and g^ are given in Theorem 1.3 and u is the solution of (1.7). 


The results of Theorems |1.3| and |1.4| and Corollary |1.5| are represented in Figure 2, 
where we sketched the evolution of the dislocation function and of the associated particle 
system in the case of three particles with alternate orientations. 



Figure 2: Evolution of the dislocation function in case of three particles. 


Notice that the external stress a is of course given and does not depend on the orienta¬ 
tion of the dislocation, since it is an external force. Nevertheless its elastic effect on the 









































STEFANIA PATRIZI AND ENRICO VALDINOCI 


motion of the dislocations do depend on the relative orientations, as given in (1.10) and 


(1.15). 


It is worth to point out that the case of three particles provides structurally richer 
phenomena than the case of two particles. Indeed, in the case of three particles we have 
two different types of collision: simple and triple. The simple collision occurs when only 
two particles collide at time Tc, i.e., either 

xiiTc) = X 2 {Tc) and x^iT^) > X 2 (Tc), 


or 


X 2 {Tc) = x^(Tc) and xi(Tc) < X 2 {Tc). 

In the triple collision case, the three particles collide together and simultaneously, i.e. 

Xi(Tc) = X2{T^) = Xs^Tc). 

In [H], we proved that if a = 0, then for any choice of the initial condition {x^,X 2 ,x^) 
we have a collision in a finite time. Moreover a triple collision is possible if and only if 


Xn 


X-\ — Xo 


Xn 


The proofs of the results in the three particle setting will have to take into account the 
distinction between simple and triple collisions (on the one hand, the simple collision 
is “more generic” and less singular, on the other hand, the triple collision case has the 
technical advantage of concentrating all the relevant phenomena of the dynamics at just 
a single point). 

Additional results concerning relaxation times and asymptotics of the Peierls-Nabarro 
model will be given in the forthcoming paper 


The rest of the paper is organized as follows. In Sectionj^we discuss the basic properties 
of the basic transition layer and of the solution of a corrector equation. The main results 


of this paper (that are Theorems |1.H |1.2| 1.3 and 1.4, and Corollary 1.5) are proved in 
Sections and 

The proof of the main results rely on some auxiliary lemmata which can be proved 
simultaneously in the case of two particles and in the case of three particles: for this 
reason, the proof of all these common results is postponed to Section 

2. Preliminary observations 

2.1. Toolbox. In this section we recall some general auxiliary results that will be used 
in the rest of the paper. In what follows we denote by H the Heaviside function. 


Lemma 2.1. Assume that (1.5) holds, then there exists a unique solution u E C 


2,0 


of ( |1.7| ). Moreover, there exist constants C,c> 0 and k > 2s (only depending on s) such 

C 


that 

( 2 . 1 ) 


u{x) — H{x) + 


X 


2sW"{t)) |a:|2*+i 




\x\ 


for |x| ^ 1, 


and 
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Proof. The existence of a unique solution of ( |1.7[ ) is proven in [T3], see also [T]. Estimate 
( 2 . 1 ) is proven in [S] for s = | and in 01. 0 respectively for s G (|, l) and s G (O, |). 
Finally, estimate ( 2 . 2 ) is shown in [T]. □ 

Next, we introduce the function to be the solution of 

= u' + r]{w''{u) - W''{0)) 

fj{—oo) = 0 = '^(+oo). 


(2.3) 


m 


where u is the solution of (1.7) and 
(2.4) 


T] := 


W"{0) 


{u\x)Ydx = —. 


For a detailed heuristic motivation of equation (2.3), see Section 3.1 of |B]. For later 
purposes, we recall the following decay estimate on the solution of (2.3): 


Lemma 2.2. Assume that (1.5) holds, then there exists a unique solution to (2.3). 
Furthermore G fl L°°(M) for some a G (0,1) and there exists C > 0 such that 

for any a: G M 

(2-5) lv>V)l« 

Proof. The existence of a unique solution of (2.3) is proven in [ 8 ] for s = | and in |lj, [3] 


respectively for s G (|, l) and s G (O, |). Estimate (2.5) is shown i 

3. Prooe oe Theorem O 


m 


□ 


This section is devoted to the completion of the proof of Theorem 1.1 Some arguments 
presented will be valid also for the case of three particles. Therefore, to make the argu¬ 
ments shorter, we state these auxiliary results in the course of the proof and we postpone 
their proof to Section (in that occasion, we will then prove in a single step the results 
needed for both the cases of two and three particles). 


The proof of Theorem 1.1 is based on the construction of auxiliary barriers for the 


dislocation function and in a careful use of the maximum principle. Roughly speaking, 
when we are close to the collision time, we can take a transition layer that goes “upwards” 
(respectively, “downwards”) and place it a bit to the left (respectively, right) with respect 
to the collision point, and use them as barriers to control the original behavior of the 
dislocation function. 

Of course, to make this argument rigorous, one has to control the small errors produced 
by the fact that the particle dynamics is only an approximation of the motion of the level 
sets of the dislocation function, and by all possible error terms that a nonlocal equation 
could, in principle, propagate. 

Thus, to complete the proof of Theorem 0 as hrstly seen in [HI HI |3j , we consider an 
auxiliary small parameter 5 > 0 and dehne {xi{t),X 2 it)) to be the solution of the system 


(3.1) 


= 7 


X2 = l 


Xi - X2 


2s\xi — 

X2 - Xi 




2 s|a :2 

7;i(0) = — 5, X2(0) = X 2 + 5 


— a{t, xi) — 6 

+ a(t,X 2 ) 6 


in ( 0 ,T^^) 
in ( 0 ,T^^) 
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where is the collision time of the perturbed system (3.1), see Figure 3. 



Figure 3: The geometry involved in system (3.1). 


Since xi{t) < X 2 {t) for any t G [0,T^^), system (3.1) can be rewritten in the following 
way 


(3.2) 


Xi = 7 


X2 = l 


2s(x 2 — Xi)^^ 
1 


— a(t, Xi) — 6 


+ a{t,X2) + 5 


in (0,T/) 
in (0,T/) 


2s{x2 — 

^xi(O) =x\ - 6, ^ 2 ( 0 ) = xl + 6. 

Roughly speaking, the intention of this (5-perturbation is to place the particle xi “slightly 
to the left” with respect to the original particle xi, and the particle X 2 “slightly to the 
right” with respect to the original particle X 2 - This slight modihcation will allow to center 
some auxiliary transition layers in xi and X 2 and use them as barriers (as a matter of 
fact, this technique requires a small additional adjustment via the corrector -0 introduced 


in (2.3), so the reader has to wait till formula (3.10) for the rigorous introduction of the 


correct barrier). The role of the additional (5-perturbation is, in a sense, to “desingularize” 
the problem at the collision time: that is, while the original problem experiences a collision 
at time Tc, the perturbed problem is still nonsingular and it can provide two-side bounds 
on the original dislocation function. 

In order to measure the distance between the perturbed particles Xi and X 2 , we also 
denote 


d{t) := X 2 {t) - xi{t) 
"do := X 2 — x5 > 0, 


(3.3) 
and 

then d is solution of 

= ^+ a(f,Xi)+ cT(f, X 2 )+ 2(5 

\)9(0) =i9o + 25. 


in (0,T^^) 
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Remark that 
and 


'd(t) > 0 for any t G [0, Tf) 

d{T‘) = 0. 


Now we show that the error dne to the 5-pertnrbation is small if so is 5: 


Proposition 3.1. Let {xi,X 2 ) and {xi,X 2 ) be the solution respectively to system (1.10) 
and (3.2). Let Tc < +oo and be the collision time respectively of (1.10) and (3.2). 
Then we have 

(3.5) 

and for i = 1,2 

(3.6) 


limT,'' = Te, 


hma;i(f) = Xi(t) for any t G [0,Tc). 

< 5—^0 


The proof of Proposition ^ is postponed to Section 

Next resnlt is a technical observation abont the Holder regnlarity of a fnnction. Namely, 
to prove that a fnnction is Holder continnons, it is enongh to check that a power of the 
fnnction is Lipschitz continnons. 

Lemma 3.2. Let (3 G (1,+cx)), H be an open subset of ML and / : H —)■ [0,+cx)). 
Let a := 1/(3 and g := fh. Assume that g is Lipschitz continuous in H. Then f G 


Proof. For any f > 0, we set 

h{t) := t~^ ^(1 + f)" - ij . 

We observe that (l + f)“ = 1 + at + 0{t'^) for small t, therefore h{t) = t~^{at + 0{t‘^))f^ = 
q,/3 ^/3-1(1 fQj. small t and so, since (3 > 1, 


lim h(t) = 0. 
t^o+ 


Also, 


lim h(t)= lim + 1)“= 1. 

t^+oo t^+oo V / 


Accordingly, we have that 

S := snp h{t) G [1, +oo). 
t>o 

Now we show that / G C“(H). Since g is bonnded, so is /, thns we only need to control 
the Holder seminorm of /. For this, if the Lipschitz seminorm of g is bonnded by L, we 
claim that, for every x, y E fl, 


(3.7) 


l/w-zwioaij-lx-sr 


To prove ( |3.7[ ), we £x x, r/ G H and we snppose, withont loss of generality, that f{x) ^ 

\x-yr, 


f{y). In addition, if f{y) = 0, we have that also g{y) = 0 and then 

\f{x) - f{y)\ = f{x) = {g{x)y = \g{x) - g{y)\^ ^ L“| 

which implies ( 3.7| ) in this case. As a conseqnence, we can also snppose that f{y) > 0. 
Then also g{y) >0 and we can dehne 


gjx) - gjy) 

9{y) 
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By construction t ^ 0 and 


' ' IswJ /(»)■ 


Accordingly, 


l/W - mf = (l(y)Y -1)” = s(y) ((1 + tr - 1)' 

= 9{y) t h{t) = [g{x) - g{y)) h{t) ^SL\x-y\, 


which implies (3.7). 


□ 


Now we exploit Lemma 3^ to obtain the Holder continuity of the function i? which was 
introduced in (3.3). 


Proposition 3.3. Let {xi,X 2 ) be the solution to system (3.2). Then, for any 0 ^5^1 the 
function Yt defined by (3.3) is Holder continuous in [0, Tf] with Holder constant uniform 
in 6. 


Proof. First remark that Yt is uniformly bounded in [0,T^^]. Indeed, by (3.5) there exists 
T > 0 independent of 5 such that ^ T. Then from (3.4) we infer that for any t G [0, T^] 

(3.8) 0 ^ 'd(t) ^ "do + 25 + 27 (||(j||oo + ^ "do + 2 + 27 (||(j||oo + 1)T. 

Next, again from ( 3.4[ ) we see that the function 

V := 

is solution of 

V = 7(2^ + 1) a{t,X 2 ) + 26)sid‘^^] in (0,T^^). 


Using that a is bounded and (3.8), we get 

Ibl ^ C, 

where C does not depend on 6. Therefore v is Lipschitz continuous in [0,T^^] uniformly 
in 6. The conclusion of the proposition then follows from Lemma 3.2 □ 

Next, we set 

(3.9) Ci{t) :=Xi{t), i = l,2 

and 


a := 


a + 6 

fU"(0)' 


Let u and ^|J be respectively the solution of (|1.7) and (2.3). We define 


Vs{t, x) := e^^a{t, x) + u 


(3.10) 


X — Xi{t) 


+ u 


X2{f) - X 


- 1 




The next two results show that, choosing conveniently 5 = in (3.2), the function 
defined in (3.10), is a supersolution of (1.3) provided that xi and X 2 are far enough. 
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Proposition 3.4. There exist £o > 0 and (5e > 0 with 

-de, Se, = o(l) as £ —)■ 0 


such that for any e < eo, if {xi,X 2 ) is a solution of the ODE system (3.2) with 6^6^ 
then the function Vs defined in (3.10) satisfies 

e{vs)t - DsVs + - O' ^ 0 

for any a: G M and any t G {0,Tf) such that X 2 (t) — Xi(t) ^ 



Tg(a;) ^ T£(0,a;) for any a; G M. 

The proof of Proposition 3^ and Lemma ^ is postponed to Section 
Now we consider the barrier function Vs dehned in (3.10), where (a:i,a; 2 ) is the solution 
of system (3.2) in which we fix h = Ss, with 5s given by Proposition |3.4 For e small 
enough, since Tf is hnite by ( |3.5 ) and ‘d{Tf) = 0, there exists Tf > 0 such that 

(3.11) d{Tl) = X2{Tl)-x,{Tl)=i}s^ 
and 

'd{t) = X 2 {t) — Xiit) > -ds for any t <T^, 
where ds was hxed by Proposition 3.4[ 

Then by Proposition 3.4 and Lemma 3.5, we have that Vs is a supersolution of (1.3)-(1.8) 
in ( 0 ,T^i) X M, and the comparison principle implies 

(3.12) Vs{t,x) ^ Vs{t,x) for any {t,x) G [0,Tj3] x M. 

Moreover, since ds = o(l) we have 

(3.13) = Tc + o(l) as £ —)■ 0. 

Indeed, if up to subsequences, Tf converges as e —)■ 0 to some T > 0, since Tf ^ then 
by (3.5) we have T ^ Tc. Suppose by contradiction that 

(3.14) T < Ts. 


Then by Proposition 3.3 and (3.11) 


\d{T^) - diT)\ = \ds - d{T)\ ^ C\T^ - T\ 


for some C > 0 and a G (0,1) independent of e. This and (3.6) imply that difT) = 0 
which is in contradiction with (3.14). Thus (3.13) is proven. 

Next, to conclude the proof of Theorem ]_T, we are going to show that starting from 
Tg , after a small time ts, the function Vs satishes 

(3.15) Vs{t,x)^gs 

for some = o(l) as £ —)■ 0. For this scope, we denote 

xl-=MTs), xl:=X2{Tl). 

Remember that from (3.11) 

(3.16) X 2 — xl = ds- 
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We show ( |3.15[ ) 
let us introduce 


for a; ^ + ^, similarly one can prove it for x ^ xf + 

the following further perturbed system, for S > 6^ 


2 • 


For this aim 


(3.17) 

for some K > 1 


^£1(0) = £2(0) = 

to be chosen, see Figure 4. 


in (0,T^^) 
in (0,T/) 



Figure 4: The geometry involved in system (3.17). 


Roughly speaking, the idea behind the system in (3.17) is that at time T^, also the 
5-perturbed particles Xi and X 2 that were introduced in (3.1) are close to collision. Never¬ 
theless, these particles are “only” ■d^-close to collision, with small, but still much larger 
than e, thanks to Proposition 3.4 Since the excursion in the transition layers is scaled 
by e, one can still hope to “desingularize” these 'd^-collisions. For this, it is useful to con¬ 
sider the “asymmetric” 
to the left by "dg. 

In this way the “r 

ends up to the right of the collision point of the particles xi and X 2 that were introduced 
in (3.1) (a formal statement will be given in Lemma 3.7). With this construction, the 
“tail” of the dislocation associated to the new particles f 1 and £2 ends up “above” the 
main bump of the dislocation corresponding to the particles Xi and X 2 - Therefore, using 
the decay of the dislocation tail, the main bump of the dislocation corresponding to the 
particles Xi and X 2 will be proved to be small. 


picture introduced in (3.17), in which the “left particle” is moved 
while the “right particle” is moved to the right by a large multiple of 
“middle point” between the new particles xi and X 2 introduced in (3.17) 


Of course, several technicalities arise when making the above argument rigorous. For 
this scope, we set 

(3.18) 


Ci(t) := Xi{t), i = l,2 
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and 


We define 


(3.19) 


a 


a := 


Ve(t, x) := x) + u 


W"(0)' 

X — Xiit) 


+ u 


X2{t) - X 


- 1 


- £ *Ci(f)'0 


X — Xi{t) 


+ e C 2 {t)'ilj 


X2{t) - X 


where again u and ip are respectively the solntion of ( 1.7[ ) and (2.3). With this notation, 
we are in the position to estimate the modified dislocation at time with the modified 
dislocation at the initial time, as stated rigorously in the next result: 

Lemma 3.6. Ther e exist eo, > 0 with 6,. < + o(l) as £ —)• 0, where 5^ is given 

by Proposition 3.4, such that if {xi,X 2 ) is the solution to system (3.17) with S = Ss, then 
the function Ve defined in (3.19) satisfies 

h£(0, x) ^ W(Tg , x) for any a: G M. 

The proof Lemma 3^ is postponed to Section Now we deduce some geometric 
consequence from Lemma |3.6, as depicted in Figure 5 and rigorously presented in the 


subsequent Lemma 3.7 



Figure 5: The geometry involved in Lemmata |3.6| and |3.7| 


Lemma 3.7. Let 

(3.20) 


U := 


As{K + 2)2*df 


5-|-l 


-f[l-2s{K+ 2)^^^^/{\\a\\^ + S)] 

Then there exists K > 1 and £o > 0 such that for any e < Eq the solution {xi,X 2 ) to 
system (3.17) satisfies 

(3.21) xi{te) > xl 
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and for any t G [0, tf\ 

(3.22) X2{t) - Xiit) ^ X2{te) - Xiit^) ^ 'de- 

Proof. Let us denote 

Ht) ■= - xi{t). 

Then 'd(t) is solution of 

= 7 (- 1 -h (T{t, X 2 ) + cr{t, Li) + 25 ] in (0, Tj) 


S^2s 

_^9(0) = {K + 2)d,. 
Moreover d is a. subsolution of the equation 


(3.23) 


^ + 2 (lkl|oo + ^) ) • 


Equation (3.23) has the stationary solution 'd<j(t) = 
enough such that 


^)( 0 ) = (iL + 2)4 < 


2s(lk||oo+<5) 


. Therefore for e small 


2s 


2 s (||( t||oo + <^) 

since 'd cannot touch -ds, its derivative remains negative. Hence for f > 0 
(3.24) i9(f) < (iL + 2 ) 4 . 


Now, ( |3.17| ) and ( |3.24[ ) imply 
(3.25) £1 ^ 


2s(iL + 2)2-(4)2« ^1>0. 


Let t be the time such that £i(f) = x^ = £i(0) + 2'dg, then integrating (3.25) in (0,f) we 
get 

xi{t) - £1(0) = 2i?£ ^ 7 ( ^ ,^o^9o,n9, - Ikiloo - <^1 t, 


from which 
(3.26) 


2s(iL + 2)2^^92. 

t < p 


where te is dehned in (3.20) 


Next, let r > 0 be the time such that 'd(r) = 'd^, then for any t G (0, r) we have 

-1 - 2 s||g|U !>"7 ^^("-l-2s||<T|U(A- + 2)2*tf|‘ 


S^d'^s 


sf}2s 


i.e., 


^ 2 .^ ^ I(_l _ 2s\\a\\^{K + 


Integrating the previous inequality in (0, r), we get 


1 ^ l(-i-2s\\a\\^{K+2y^'df)T, 


2 s + 1 


2 s + 1 
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from which 


T ^ 


+ - 1 ] 

7(2s + 1)(1 + 2s||a||oo(i^ + 


Comparing r with 4 dehned in (3.20), we see that it is possible to choose K big enough 
so that 


r > 4- 



e{v^)t - XsVs + -^W{ve) - cT(t, x) ^ 0 in ( 0 , 4 ) x 

Moreover from (3.12) and Lemma 3.6| 

Ve{T^,x) ^ ^^(OjX) for any x G M. 

The comparison principle then implies 

(3.27) + t,x) ^ v^{t,x) for any (f,x) G [0,4] x M 


Now, for X 4 ajf + ^, from ( |3.16[ ), ( |3.21[ ) and ( |3.22[ ) we know that 


x-xi(4)4-y and X 2 {te)-x^—. 


Therefore, from estimate (|2.1|) we have 

(3.28) 


x-xi( 4 )\ /x 2 ( 4 )-x 

u 1 - I + M 


- 1 4 


Moreover ( |3.22[ ) , ( |3.17[ ) and ( |3.18[ ) imply that 

(3.29) 14(4)1 4 


Finally, from (3.19), (3.27), (3.28) and (3.29), we conclude that 


Vs{TI + 4, x) 4 for any x 4 

I 1?. 


The same inequality for x ^ xf + ^ can be proven considering the system (3.17) with 
initial condition 

for K large enough. 


Xi( 0 ) = x\ — TF'de, £2(0) = X2 + "de 
We have proven (|1.12|) with 

T, := Tl + 4, 

and 


3.6 


4 given by Lemma 3.7 with <5 = 4 given by Lemma 

Pe = = 0 ( 1 ) as £ —)■ 0 , 


with "de given by Proposition 3.4 Moreover from ( |3.13 ) and (3.20) we see that 

Te = Tc + 0 ( 1 ) as £ —)• 0 , 
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and this concludes the proof of Theorem 1.1 


4. Proof of Theorem 11.21 
We consider the function h.(r, which is solution of 


(4.1) 


hr + W'(h) = 0, Vre(0,+oo) 

h(0,O=C 


From assumptions (1.5), we have that there exists £o > 0 such that for any s < Sq, 


and 


W”(0) 6 

W"{i) ^ = I > 0 for any |e| ^ p. 


W\i) > 0 for any ^ e (0, p,], W'(0 < 0 for any ^ G [-p„ 0), W\0) = 0. 


Therefore, the solution h of ( |4.1 ) satisfies: /i(r, 0) = 0; h(r, is positive and decreasing in 
r, if ^ G (0, Pe]; h(r, is negative and increasing in r, if ^ G [—Pe, 0). Hence if ^ G (0, 


which implies 

(4.2) 

Similarly for ^ G [— ^£,0) 

(4.3) 


hr = -W'{h) ^ -^h, 


0 < h(r,0 ^ Ce 2^ 


2^ ^ h(r,0 < 0. 


Now, the function h{t,x) := ^?e), where is given by Theorem 1.1, is solution of 

the equation (1.3) for t > T^, with h{T‘^,x) = Then, the comparison principle and 
estimate (1.12) imply 


v^{t, x) ^ h(f, x) for any a: G M, f > T^, 


and from (4.2) we get 


Ve{t, x) ^ QeC 2 fQj. x G M, f > . 


Finally, using (2.1), it is easy to check that the initial datum (1.8) satishes 

vl{x) ^ —Ce^^ for any x G M, 


therefore, we can similarly prove that 


/3 t-T 


Ve{t, x) ^ — PeC 2 S 20+1 for any x G M, f > T^, 


and this concludes the proof of Theorem 1.2 
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5. Prooe oe Theorem 11.31 

We consider an auxiliary small parameter 5 > 0 and define (xiit),X 2 it),X 3 {t)) to be 
the solution to system: for i = 1,2,3 


(5.1) 


Xi = 7 




OC 7 OC 7 


- 05, 


^ O Q I ^ . _ -T* . I l“h2s 

tjuj Jb 7 


Cia{t,Xi) - Cid] in(0,T^^) 


where is the collision time of the perturbed system (5.1), see Figure 6. 



Figure 6: The geometry involved in system (5.1). 


In a sense, the system in (|5.1|) is the analogue, in the case of three particles, of the 

“remove the 


system that was introduced in (3.1). As in that case, the scope of (5.1) is to 
singularity” caused by the collision in the original system. Of course, in the case of three 
particles, an additional difficulty arises, since the new particles need to be moved either 
to the left or to the right, depending on the orientations of the original dislocations. In 
particular, in the case of three particles, in order to obtain bounds both by above and by 
below, one also needs another system with the opposite sign convention (this additional 


system will be introduced in formula (5.13) below) 


Let us denote for i = 1,2 
(5.2) 


i9i(t) := Xi+i(t) - Xi(t) 


iT — 


X, 


> 0 , 


and 

























20 


STEFANIA PATRIZI AND ENRICO VALDINOCI 


then (i9i,i92) is solution of 
(5.3) 

/ 


^ _ 7 / 1 1 

^ ^ 2(^1 + ^ 2 )^" ' 2^2 


s 

5, = ^ 


2^ , + ^:^ + sa{t,xi) + sa{t,X2) + 2 sS 


+ ^77=-=^^7^-i ^3) - sa(t, X2) - 2 s 8 


in (0,Tf 
in (0,T^^ 


s 2 (^ 1 +^ 2 ) 2 ^ ^2 

^i(0) = 790 + 2(5>0 
_^2(0) = -25 > 0. 

In the next result we will show that the error introduced by the (5-perturbation remains 
small in the trajectory and does not affect too much the collision time. The precise 
statement goes as follows. 

Proposition 5.1. Let {xi,X 2 ,xz) and (xi,X 2 ,X 3 ) be the solution respectively of sys¬ 
tem (1.15) and (5.1). Let < -f-oo and Tf be the collision time respectively of (1.15) 
and (5.1). Then we have 

(5.4) 


limT,^ = T„ 
5^0 


and for i = 1,2,3 
(5.5) 


hma;j(f) = Xi(t) for any t G [0,Tc). 

<5-s>0 


The proof of Proposition is postponed to Section (notice that Proposition 5.1 


IS the generalization of Proposition EH to the case of three particles: we kept the two 
statement separate for the sake of clarity, but the proof will consider both the cases at 
the same time). 

Now we show that the minimum between ■di and ^2 is Holder continuous: 


Proposition 5.2. Let {xi,X 2 ,x^) be the solution to system (5.1) and {'di,'d 2 ) given by 
(5.2). Then, for any 0 ^ (5 ^ 1 the function min{'di,'d 2 } is Holder continuous in [0,T^^] 
with Holder constant uniform in 6. 


Proof. First remark that di and d 2 are uniformly bounded in [0,T^]. Indeed, by (5.4) 
there exists T > 0 independent of 6 such that T^ ^ T. Moreover, by (5.3) 


■di + 1^2 = - 
s 


+ —^^ 


+ —^^ 


sa(t,Xi) - sa(t,X3) 


2 ( i ? i + i 92 ) 2 * 2r; 2{A+Ar^ 

^ 27||a||oo. 

Therefore 

0 ^ ^ + 27||a||ooTf ^ + 27||a|UT. 

Next, let us denote 

^mit) := mmdiit) = 

Then from (5.3) we infer that 

^mit + h) - ^m{t) = di(t+h){t + h) - di{t){t) ^ ^i(t)it + h) - di(t){t) 

t-\-h 


^ c 


/:ir) 


-\-l \ dr 
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and 


+ h)- §rn{t) = ^i{t+h){t + h) - > ^i(t+h){t + h) - 

t+h 


> -c 


/:ir) 


+1 dr. 


Now, let us denote 

Then we have 

v{t + h) — v(t) 


V := (dm) 


2s+l 


— (2s + + h) + (1 — 


2s 


dm(t + h) - dm(t) 


^ (2s + + h) + (1 — — 

for some G [0,1]. Passing to the limit as h —)■ 0, we get 

v(t + h) — v{t) 


t-\-h 


h 


-Ys - h 1 dr, 

/2r) 


lim sup 

h^O 


^C, 


.e. the function v is Lipschitz continuous in [0, T^] uniformly in 6. The conclusion of the 


proposition then follows from Lemma [T2 
Next, we set 

(5.6) Ci{t) :=Xi{t), z = l,2,3 

and 

a + 5 


□ 


(5.7) 


a := 


1 T"( 0 )' 


Let u and -0 be respectively the solution of ( |1.7 ) and (2.3). We dehne 
(5.8) Ve{t,x) -.= - 1 - ^ 0^^"ci(t)V'( C 


2=1 ^ ^ 2=1 

Under the appropriate choice of the parameters, the function is a supersolution of 
(1.3)-(1.14), as next results point out: 

Proposition 5.3. There exist £o > 0 and dg, > 0 with 

•ds-, ds, S'd~^ = o(l) as £ —)■ 0 


such that for any e < Eq, if {xi,X 2 ,x^) is a solution of the ODE system in (5.1) with 
d ^ dg, then the function defined in (5.8) satisfies 

e{Ve)t - DsVe + \w\Ve) - O' ^ 0 


for any t G M and any t G (0, T^^) such that Xi^i{t) — Xi{t) ^ d^ for i = 1,2. 
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Lemma 5.4. Let v^(x) be defined by (1.14). Then there exists £o > 0 such that for any 


e < Eq and given by Proposition 5.3. if {xi,X 2 tX 3 ) is the solution to system (5.1) with 


5 = Ss, then the function 


defined in (5.8) satisfies 


v^{x) ^ i;£(0,a:) for any x G 


The proof of Proposition 5^ and Lemma 5^ is postponed to Section We observe that 
Proposition |5.3| and Lemma 5^ are the generalization, respectively, of Proposition |3.4| and 
Lemma 3.5 to the case of three particles (the proof presented in Sectionj^will indeed work 
simultaneously for the cases of two and three particles). 


Now we consider the barrier function defined in ( |5.8[ ), where {xi,X 2 ,Xs) is the solution 

For £ small 


to system (5.1) in which we hx 5 = 5, 


enough, since Tf. is finite by (5.4), there exists > 0 such that 


£, with 5^ 


given by Proposition 5.3 


mmXi+i{Tl) -xfiP]) = ide, 
2 = 1,2 


and 


Xi+i{t) — xfif) > 'de for any t <T^, i = 1, 2. 
Without loss of generality, we may assume 


(5.9) 


min a:i+,(r,) - Xi{T^) = x^iT^) - Xi{T,) = t?,. 
2 = 1,2 


From (5.1), (5.6) and (5.9), we infer that 
(5.10) 




-2s 

e 


([L3|)-(fLl4l) in (0,T^) X M, and the comparison principle implies 


By Proposition 5.3 and Lemma 5.4, the function dehned in (5.8), is a supersolution of 


(5.11) 


Ve{t,x) ^ Ve{t,x) for any (t,x) G [0,Tg] x 


Moreover, since ttc = o(l) as e —)■ 0, as in Section]^ from Propositions 5.1 and 5.2 
have 


we 


(5.12) = Te + o(l) as e ^ 0. 

Similarly, for 5 > 0, one can dehne {xi,X 2 ,x^) to be the solution of the system 


(5.13) 


^1 = 712^ OC 


Li Lj 


■* ' i 2s\x^ — 


Cia{t,Xi) + CiS 


see Figure 7 
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Figure 7: The geometry involved in system (5.13). 


Let also 

(5.14) 

v^it, x) := £ 


2s 


a{t, x) 


VL"( 0 ) 


(C 


X-Xi{t) 




a: - x^t) 


i=l ^ ' i=l 

Then, one can prove that there exists 5^ = o(l) as £ —)■ 0 and such that 

= Tc + o(l) as £ —)■ 0, 


- x^Xi) = x^iZl) - Xi(T^) = 

1 = 1,2 

(5.15) |i.(7^=)| ^ CC"* 
and 

(5.16) V£{t,x) ^ v^{t,x) for any {t,x) G [0,T^] x M. 

In what follows, we will denote 

xl := Xi{Tl), 

and 

:=Xi{Tl). 

Roughly speaking, in this case, the dislocation function will be the superposition of three 
transition layers: the idea is now to deal separately with the annihilation of two of them, 
by possibly moving the transition point if necessary (this adjustment of the transition 
point uses the quantities xl and that we have just introduced). The formal statement 
goes as follows: 


Lemma 5.5. For any x G M we have 



(5.17) 


- 1 ^ 
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and 

(5.18) 




2=1 


X — 


1 > 


2sm—2s 


Proof. Let us prove (5.17). Let us first suppose that there exists k = 2,3 such that 


Then, from (5.9) for j ^ k 


and estimate (2.1) implies 


\X - Xu\ ^ —. 

I ^ 2 


Qix-x^p ^ 


u Q -^ ^ 


Therefore, we have 




i=2 


l^ui Q -^ ^ 


Next, if for any i = 2,3 


\x-Xk\ > y, 


then again estimate (2.1) implies (5.17). Similarly one can prove (5.18). 


□ 


From (5.16), (5.18) and (5.15), we infer that 

- for any x G M, 


(5.19) 


Ve(T^,x) J U 


X — X 


^3 


which proves (1.17) with 


Tf = Tf., Ze = xl, and = Ce 


2s„q— 2s 


Now, to prove (1.16), let us divide the proof in two cases, depending on whether we are 


in a simple or in triple collision. 

5.1. Case 1: simple collision. In this case (up to renaming the particles), the hrst two 
particles gets to collision while the third one remains far enough. More precisely, let us 
suppose that 

(5.20) X2—x\= 'de, x| — x| ^ M'de, 

with M > 2 independent of £ to be determined. Let us introduce the following further 
perturbed system, for 6 > 6s and 1 < iF < M — 1: 


(5.21) 


Xi = 7 




•JC I) OC <1 


O Q I /y* . iy> , I l-j-SS 

•.*-"1 dU q 

. jy* 


Cia{t,Xi) -QS] in(0,T^^) 


^xi(O) = xl- ds, X 2 ( 0 ) = x| + Kds, X 3 ( 0 ) = x| - ds. 


where Tf is the collision time of the system (5.21). 


Roughly speaking, the idea behind the system in (5.21) is that, for simple collisions. 


one can adapt the technique introduced in (3.17) for the case of two collisions. That is. 
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we can move the first particle slightly to the left and the second particle slightly to the 
right. As done in (3.17), the right displacement of the second particle, thongh small, is 
a large mnltiple of the left displacement of the hrst particle (this is needed to constrnct 
barriers from above). Since, in this case, the third particle is far from the collision, this 
constrnction leaves “space enongh” to move the third particle slightly to the left, withont 
prodncing new collisions in this procednre. 

Of conrse, the technical details in this case are more complicated than in the case of 
two particles and the notation becomes somehow heavier, since it mnst comprise not only 
one additional particles, bnt also the different orientations of the dislocations involved. 
So, to make the argnment rigorons, we set 

(5.22) A(f):=f,(f), z = l,2,3 

and 

. cr + (5 


(5.23) 

We dehne 


a := 


(5.24) 4(t, x) := £^^(T(t, x) + n ( Q — 


i=l 


W"{0)' 


Xi(t) 


^Ci^^*Ci(f)i7 Ui— 


2=1 


Xi(t) 


where again u and ip are respectively the solntion of ( |1.7[ ) and (2.3). 

Lemma 5.6. Ther e exist > 0 with 5^ < 5e = + o(l) as e —)■ 0, where 6s is given 

by Proposition 5.3, such that if {xi,X 2 ,X 3 ) is the solution to system (5.21) with 6 = 5s, 
then the function A defined in (5.24) satisfies 


A(0,x) ^ VsiTl,x) 


for any x G 


The proof of Lemma 5T is postponed to Section Using Lemma 5T, we obtain the 


geometric conseqnences depicted in Fignre 8 and formally described in the forthcoming 
Lemma 15.71 



Figure 8: The geometry involved in Lemmata |5.6| and |5.7| 
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Lemma 5 . 7 . Let 

(5.25) 


U := 




7 [ 22 * - 1 - 2s^^+^{K + 2 ) 2 «'^ 2 sq |^||^ + 

Then there exist K,M > 1 and £o > 0 such that for any e < Sq the solution (xi,0:2,£3) 
to system (5.21) satisfies 

(5.26) 


X2{t) — Xi{t) is decreasing for any t > 0, 
XiiQ > xl, 

Xsit) - X2{t) ^ X2{f) - Xi{t) ^ de. 


(5.27) 

and for any t G [0,4] 

(5.28) 

The proof of Lemma 5.7| is rather long and technical, therefore, not to interrupt the 
flow of ideas at this point, before giving the proof of Lemma 5T, let us conclude the proof 
of Theorem 1.3 (the proof of Lemma 5.7 will then presented in detail in Subsection 5.3). 


So, let K and M be given by Lemma |5.7[ Let us suppose that the second inequality 
in (5.20) is satisfied with such a M. We consider as barrier the function defined in 


(5.24), where we fix 5 in system (5.21), with given by Lemma 5.6 From (5.28) 
and Proposition 5.3 we infer that the function satisfies 


1 


e(vs)t - IsVe + - a{t, x) ^0 in (0,4) x 


Moreover from (5.11) and Lemma 5.6| 

vfiT^^x) ^ ^^(O,^) for any a; G M. 

The comparison principle then implies 

(5.29) '^eiT\ + t,x) ^ vfit^x) for any (f,x) G [0,4] x 


Now, for a: 4 + ^, from ( |5.20[ ), ( |5.27[ ) and ( |5.28[ ) we know that 

^ 'de 1 - / \ S-de 

X-Xi[te)^- — , and a;2(4 )-a:^—. 


Therefore, from estimate (2.1) we have 

X - xfitf) 


(5.30) 


0 


i=l 


- 1 4 


2s„q— 2s 


Moreover, from (5.28), (5.21) and (|5.22|), we infer that for i = 1,2,3 
(5.31) 




-2s 

£ 


Finally, from (5.24), (5.29), (5.30) and (5.31), we conclude that 




+ 4, a;) 4 * + m 


x-xfitfi) 


- '^e 

for any x 4 2:1 + -^. 


A similar inequality ioi x ^ x\ + ^ can be proven considering the solution (xi, X2, L3) to 
system (5.21) with initial condition 

xi(f)) = x\-Kde, £2(0) = X2+ 'd£, X3(0) = X3 -'de. 
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Therefore, for = minims(f^), 0 : 3 ( 4 )} we have 




v,(T^ + t„x) + u 


x-Ve 

e 


for any 0 : G M. 


This proves (1.16) with 


= tI + 4 , ye = min{x 3 ( 4 ), £ 3 ( 4 )} and Qe = 


Recalling (5.19), from (5.5) we infer that \ye — Zej = o(l) as £ —)• 0. This concludes the 
proof of Theorem in Case 1. 

5.2. Case 2: close to a triple collision. In this case, let us suppose that 
(5.32) x\ — x\ = de-, x\ — x\^ M'det 


where M is given by Lemma 5.7 From (5.8), (5.11), (5.10) and (5.17) we infer that for 
any x G M 


x^(Tg,x) 4 u 


+ Ce^^d- 


i.e. (1.16) with 


7^1 


ye = x}, Te = and Qe = Ce * 1 ?^ 


2s,q— 2s 
e 


Remark that from (5.32) and (5.5) we have 
ke ~ 2 /el = 1^3 ~ Xl\ 4 |;h 3 ~ ^ 3 ! + 1^3 ~ ^ll ^ l^is ~ ^3! + {M + l)'d£ = o(l) aS £ —)■ 0 . 


This concludes the proof of Theorem 1.3 in Case 2. 


It only remains to prove Lemma 5.7 We will do this in the subsequent subsection. 


5.3. Proof of Lemma |5.7| , Let us denote for z = 1,2 
(5.33) di{t) := Xi+i{t) - Xi{t), 


where {xi{t),X 2 {t),X 3 {t)) is the solution to system (5.21). Then, recalling (5.20), we see 

that satisfies 

(5.34) 


7 


1 


^ -^ + -. 

i/f 2 (i9i+i/2)^" 


s 


H-^ + S(t(/:,Xi) + S(t(/:, X 2 ) + 2s5 ) in(0,Tf) 


+ 


- sa{t, X 3 ) — sa{t, X 2 ) — 2s5 ) in (0, f^) 


s \2'df 2(i/i+'d2)2" 

i/i( 0 ) = {K + 2)^e 

. 1 / 2 ( 0 ) ^ {M-K-l)§e- 

Lemma 5.8. For any K > 1 there exists M > 2K + 3 independent of £ and £0 > 0 such 
that for any £ < £q, ('di,'d 2 ) defined in (5.33) satisfies 

(5.35) 
and 

(5.36) 


'diit) 4 1 / 2 (^), for any t > 0, 


'di(f) is decreasing for any f > 0. 
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Proof. For K > 1 and M > 2K + 3, let us denote 


^ m. 

M-K-1 ^ 2 ( 0 ) 

For fixed K, let us choose M so big and £ so small such that 

(5.37) - 1 + a{Mf^ + a(M)2'*+i + 2s(||a||oo + S) {a{M) + 1) {K + < 0. 

We want to show that for any t > 0 

Mt) 


(5.38) 


Mt) 


^ a{M) ^ 1. 


From system (5.34), we infer that 191 satisfies 


(5.39) ^ i+ 2s||a||oo+ 2s(5 1 = 

^ ^ s I ^2s II ll~ / ^^ 2 . 




2s 


2s 


— 1 H— 7 -—h 2s(||(j||oo + 




and 


^2 ^ “ f “ 2s||cr||oo - 2s(5 
s \ -ffP 


From (5.37) we see that the right-hand side in (5.39) is negative at t = 0. We deduce that 


there exists T > 0, that we choose maximal, such that 

(5.40) di(t) ^ 0 for any t e (0, T). 

Then 

'di(f) ^ {K -I-2)'d£ for any t G (0,T), 
moreover in (0,T) we have that 


dt i i92 




< 


si9i 


< 


7'd2 

1^2 

7^2 


■J +J + |; + 2 ««. + W. + 7) 

„q2s „q2s+1 q2s 

+ + + + (l + i) 7 


2s 


q2s q2s+1 ^ / 0 


25^q2s 
s 
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Integrating in (0,t), we infer that for any t G (0,T) 


(5.41) 


Let us call 




^ a(M) + 


7i92('r) 


+2s(||(t||oo + <^) 


Mr) 




Mr) 


Mir) 

+ 1]{K + 2)2*1?; 


2 s,q 2 s 
e 




dr. 


r) 


g(r) :=-l + M- + + 2.(|k|U + S) 

Mir) M ir) 


Mr) 

Mr) 


+ 1 (iL + 2)2*7?: 


2 s,q 2 s 

£ * 


We observe that 5^(0) < 0 thanks to (5.37). Thus, we want to show that 

(5.42) ^((r) < 0 for any r e (0, T). 

Assume by contradiction that this is not true. Then there exists to ^ (0, T) such that 

(5.43) g{T) < 0 for any r G (0,fo) 

and g{to) = 0. Then = d with 


(5.44) 


1 + a2* + a2*+i + 2s(||a|U + 5) (a + 1) {K + 2)2*7?f = 0. 


On the other hand, by (5.39) and (5.43), we see that 

7?i < < 0 in(0,fo) 

svf 


and therefore, recalling (|5.40p, we conclude that to < T. In particular, we can use (|5.41|) 

infer tl 

77?2(r) 


with t = to. Thus, from (5.41) and (5.43) we infer that 

t 


a=M-ia{M) + 

Mto) 


s'(?|(r)7?2*(r) 


gMdr < a{M). 


This and (5.44) give 

0 = -1 + a2« + a2^+i + 2s(||a|U + ^) (a + 1) M + 2)2*7?f 


< -1 + a(M)2* + a(M)2*+i + 2s(||a||oo + ^) (a(M) + 1) (K + 2)M 


2s^q2s 
£ 


and this is in contradiction with (5.37). Therefore we have completed the proof of (5.42). 
In turn, we see that (5.41) and (5.42) imply (5.38), and thus (5.35). Finally, (5.36) is 
consequence of (5.40). 


Let us now complete the proof of Lemma 5.7 
Let us fix 77 > 1 such that 

{K + 2)2*+i 


(5.45) 


(77 + 2 ) 2 ^ 


1 ^ (2s + 1 ) 22 *+ 2(1 + 22*) 
” ^ 22 " - 1 ' 


Let us choose M > 277 + 3 such that (5.35) and (5.36) hold for any £ small enough. Then 
(5.26) is given by (5.36) and consequently for f > 0 


( 5 . 46 ) 


Mt) < iK + 2)M 


□ p 
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and there exists r > 0 such that 

(5.47) Mr) = M 


Now, from system (5.34) we see that i?! satisfies 




= -7- 


1 + 2s||a||ooi?! 


2s 


sM 


Multiplying by integrating in (0,r) and using (5.46), we get 

1 /iQ 2 s +1 

(^2s+l(^) _ ^2s+l(o)) ^ ^ 2)2*+^) 

l + 2s\\a\MK + 2)M 


2 s + 1 


^ -7 


2 s ^ q 2 s 
e , 


from which 
(5.48) 


T > 


Sl92*+l((i\:+ 2)2"+l - 1) 

7(2s + !)(! + 2s{K + 2 ) 2 ^i 92 s||^||^) ' 


Next, for fixed K satisfying (|5.45|), let £ be so small that 
(5.49) 


72sH-1 


s(i^ + 2)^^i?f(||a|U + 5)^ 


22s _ ^ 


Then, from (|5.21|), (|5.35|), (|5.46| and ( |5.49[ ), we have 

1 1 


(5.50) 


xi = 7 

^ 7 

= 7 

^ 7 
^ 7 


2sM 2 s(-di + 1 ) 2 )“^^ 
22*-1 ,, ,, 

00 ^ 


— cr(f, £ 1 ) — 5 


22s_i_22s+lg^2sQ|^||^^^) 

22 s+l_g.j) 2 s 

22s _ 1 _ 2 ‘^^+h{K + 2)2*792.(IIaII00 + 5 ) 
22"+ls(i7 + 2)2"792 s 
22 * - 1 


22 s +25(^ + 2)2*792* 


> 0 . 


Let t > 0 be such that 
(5.51) 


Xi{t) = xl = £ 1 ( 0 ) + 2 de, 


then integrating (5.50) in (0,t), we get 

22 s _ 1 _ 2 ‘^^+^ s{K + 2)2*792*(IIaII 00 + ^) 


2i9, ^ 7 - 


22 *+is(iL + 2 ) 2 * 792 * 


t 


from which 
(5.52) 


t < tp 
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where is defined in (5.25). Moreover from (5.45) and (5.49) 


{K + 2)2*+^ - 1 ^ (2s + 1)22*+2(1 + 22*) _ (2s + l)22*+2 (^1 + 2 !^ j 


(K + 2 ) 2 ^ 






22 " - 1 


22 " 


22»-1 


(2s + 1 ) 22*+2 ( 1 + 22*+is(ir + 2)2*'d2*(||ai|oo + 


which implies 

Sl92"+l((i^ + 2)2"+l - 1) 


22* _ 1 _ 22"+ls(i^ + 2)2"'d2"(||a||oo + 
(2s + l)22"+2 (1 + 2s{K + 2)2"^f ||a||^) 

22 s _ 1 _ 22 s+ls(i^ + 2 ) 2 "^ 92 s(||^||^ + ’ 

22"+2s(ir + 2)2"^92 s+1 




7 ( 2 s + !)(! + 2s{K + 2)2"^92s||^||^) _ 1 _ 22-+is(i^ + 2)2"?92s(||^||^ + 


= 


The previous inequality and (5.48) give 


r > tf. 


This inequality, (5.47), (5.26) and (5.35) imply (5.28). Finally, since Xiit) is increasing 


by (5.50), (5.51) and (5.52) give (5.27). This completes the proof of Lemma 5.7 


6 . Prooe oe Theorem 11.41 

This section is devoted to the proof of Theorem 1.4[ Let us consider the function 

( 6 . 1 ) 


, / X 1 ' X — X(t)'\ _ 

h{t,x) := u ( - ) + 


where 

(6.2) 


fxt 


x{t) ■■= Vs + K^g^{e - 1), 


where is given by Theorem 1.3 We show that h is a super solution, as next result states: 


Lemma 6.1. There exist £0 > 0 and y > 0, such that for any e < eo, there exists 
= 0 ( 1 ) as e —)■ 0 such that function h defined in (|6.1)-(6.2) satisfies 


eht-Ish + —W'{h) ^0 


for any a: G M and t > 0. 
Proof. We compute 


, (X — x(t) 


eht = —xu' ( 


iJ-t , f X — x(t) 


and 


= e: 2" ^KsQeiJie | ^ 


-2sn- .. I ^ ,-2sttV 


Xoh = £ XoM 


= £-2*W' u 
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Then 
(6.3) 

eht - Ish + -^W'ih) = e-^^-^K,Q,iie-Wu' ~ 


+ e-^^W' ( u 


X — x(t) 


lit 


Oo Mt 

— e Qsiie 


+ 1 — £ “^^W' I u 


X — x(t) 


Case 1. Suppose that x is close to x{t) more than 

\x — x(t)\ ^ Ks 

where is such that 


(6.4) 


— = o(l) as £ —)■ 0 . 


Then estimate (2.2) implies 


u 


, (X — x(t) 


^c{ — 

Kr 


l+2s 


Moreover from the Lipschitz regularity of W we get 

Therefore, using in addition that Qs = o(l) as e —)■ 0, we get 


^ —e ‘^^Cg^e c' 


lit 

2s + l 


KeQet^ — ^ 


eh, - I.h + -W\h) ( - ) - 


K, 


l+2s 


P^ll Mt C 
...-...- 


2s+l 


lit 


= Pee [cKeiiK^ ^ — lie — Ce 

= 0 


if 

(6.5) 

Case 2. Suppose that 


TX ^ . 

Kell = - e 


2s+l^-2s 
£ 


\x - x(t)\ ^ Ke, 


where Ke satishes (6.4). Then, (6.4), estimate (2.1) and 

1T"(0) = /3 > 0 

imply that for e small enough, we have 


W u 


X — x{t) 


2 
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Therefore, we have 

W' I u 


W" u 


B tJ.t ( tit \' 

^ £^'*+1 + O j 


X — x{t) 
e 

X — x{t) 


+ QeC ) — W' ( U 


X — x{t) 




B M* 

^ -^£0 


for e small enough. From (6.3) and the previous estimate, we conclude that 
eht — Tgh + -^W'ih) ^ —0“^^p£/i0“?^ -|- 


if 

( 6 . 6 ) 


= £ gee 




ixt 

e2s + l 


f-Al S 0 


The lemma is then proven choosing jj, satisfying (6.6), satisfying (6.4) and the following 


^2s+i^ 2s ^ as ^ 0, 


and dually satisfying (6.5). 


□ 


Let us now conclude the proof of Theorem |1.4[ From Theorem |1.3| we have 

Ve{Tl, x) ^ h(0, x) for any a: G M. 


Moreover, for /x and = o{e) as 0 —)■ 0, given by Lemma 6.1 and e small enough, the 
function h{t,x) is a supersolution of the equation (1.3). The comparison principle then 
implies 

V£{T^ +t,x) ^ h{t, x) for any a; G M and f > 0, 


i.e. (1.18). Similarly we can prove inequality in (1.17) and this concludes the proof of the 
theorem. 


7. Prooe oe Corollary 11.51 

In order to complete the proof of Corollary |1.5[ we follow the proof of Step 2 of Theorem 
2 in na, and we perform the necessary modidcations needed in this case. 

For dxed 0 the function Ve{t,x) is Holder continuous in x uniformly in time, see e.g. 
pH] . Then, there exists a sequence {tk)k with tk —)■ +cxd as fc —)■ cxd such that 

Ve(tk,x) —>■ v'^{x) as A; —)• 00 , 

with v^{x) viscosity solution of the stationary equation 

IgV = -\-W\v) in M. 

02 s 
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Under the assumptions (1.5), the function is of class for some a depending 

of s, see for instance Lemma 5 in the Appendix of [13]. Moreover, for £ small enough, by 
Theorem 11.41 


(7.1) 


u 


X 




^ vf{x) ^ u 


X-ye + KeQe 


for any x G M, 


where u is the solution of (1.7). Inequalities (7.1) and estimate (2.1) imply that 
(7.2) lim n“(x)=0 and lim n“(x) = 1. 

X^ — OO X^ + OO 

Then there exists G M such that ^“(xe) = Let us denote 


Ue{x) := u 


2‘ 

X — X, 


e 


n“(xj = Ue{Xe) = -. 


(7.3) 

Remark that 

(7.4) 

We want to show that 

(7.5) vf‘{x)=Ue{x) for any X G M. 
From (7.2), for any 0 < a < 1 there exists k{a) G M such that 

(7.6) 


n“(x + k{a)) + a > u^{x) for any x G 


Let us denote 


k{a) := inf{/c(a) G M | (7.6) holds true}. 


Then, from (7.2) and a < 1, we have that k{a) is finite. Otherwise, choosing a minimizing 
sequence of k{a) and passing to the limit along the sequence in (7.6), we would get a 
contradiction. The properties of the inhmum imply that 

(7.7) + k{a)) + a > Ue{x) for any x G M, k{a) > k{a) 

and there exist sequences {jjj,a)j, with 

r]j^a > 0 and lim r]j^a = 0, 

j—>-+oo 

such that 

(7.8) vf‘{xj^a + k{a) - r]j^a) + a ^ w(a)ya). 

We observe that {xj^a)j must be bounded. Indeed, if 


lim x-ja = ±C)0, 

j^+oo ’ 


then we would have either 


or 


a = lim v^{xj^a + k{a) - + a ^ u^ixj^a) = 0, 

J-'^ + OO 


1 + a = lim v^{xj^a + k{a) - T]j^a) + a ^ Usixj,a) = 1, 

ji^ + OO 


a contradiction. Therefore, we may suppose that 

lim Xj^a = Xa, 

jf^ + OO 


for some Xa G M, and (7.7), (7.8) and the continuity of vf and Us imply 
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(7.9) 
and 

(7.10) 

Consequently 


(7.11) 


v'^{xa + k{a)) + a = U^{Xa), 
vf{x + k{a)) + a ^ for any x G 

vf'{x + k{a)) + a — Us{x) 


0 ^ 


\x — X, 


|l+ 2 s 


-dx 


= XsVf'^Xa + k{a)) -XsUe{Xa) 

= e-^^W'ivTixa + k{a))) - e-^^W\u,{xa)) 

= {Us{xa) - a) - e~‘^^W'{u^{xa)). 

Now we claim that the sequence {xa)a is bounded. Indeed, suppose that, up to subse¬ 
quences, 

then 
(7.12) 


lim Xa = ±oo, 

a—> 0 + 


either lim Ueixa) = 0 or lim Us(xa) = 1. 

a—^ 0 + a—1.0+ 


Assumptions (1.5) on the potential imply that there exists r > 0 such that 

W'{u) ^ W'{v) + ^{u — v) if M, n G [0, r] or u,v E [1 — r, 1] and v ^ u, 
where /3 = f h"(0) > 0. 

By (7.12) there exists Oq > 0 such that both u^^Xa) — a and u^^Xa) belong to either 
[0, r] or [1 — r, 1], for any a G (0, Oq). It follows that 

W'{Us{Xa) - a) - W'{Ue{Xa)) ^ 


and this is in contradiction with (7.11). Thus the sequence {xa)a is bounded and we may 
suppose that, up to subsequences, 

(7.13) lim Xa = Xq, 

0 — 10 + 

for some xq G M. We also have that the sequence {k{a))a is bounded. Indeed, if 

lim kia) = ±cx), 
a—10+ 


we would obtain from (7.9) and (7.13) that, either 

0 = lim vf{xa + k{a)) = Ue{xo), 


or 


a—1.0+ 


1 = lim vf'{xa + k{a)) = Ue{xo), 

a—1.0+ 


and this contradicts the fact that 0 < Ue{x) < 1 for any x G M. Thus {k{a))a is bounded. 
Accordingly, we may suppose that 

lim k{a) = /cq, 

a—10+ 
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for some /cq G M. Hence, passing to the limit as a —)■ O’*' in (7.11), we conclnde that 


PV [ = 0. 

J \x — 


On the other hand, by passing to the limit in (7.10), we see that vf'ix + /cq) — Ue{x) ^ 0 
for any a; G M. We conclude that 

v^{x + ko) = Us{x) for any x G M. 


Corollary 1.5 


Recalling (7.4), we infer that ko = 0 and this gives (7.3). This completes the proof of 


8. Proof of the results that are valid for both two and three particles 

In this section we prove the results which are auxiliary to the proofs of our main 
theorems and which are valid for both the cases of two and three particles. These results 
are Propositions 3.1, 5.1 3.4 5.3[ and Lemmata 3.6, 5.6 5.4 and |3.5 In what follows we 
will denote by N the number of particles, then we may have either N = 2 or N = 3. We 
remark that the system of ODE’s (|3.2[) can be written as (5.1) for i = 1, 2. 


8.1. Proof of Propositions 3.1 and |5.l] . In order to prove (5.4) and (3.5) suppose by 
contradiction that there is a sequence {6k)k, with (5^ —)■ 0 as /c —)■ +oo such that 

lim = Tc + 2 a, 

/c^+oo 

for some a G M\ {0}. Without loss of generality we may assume a > 0. Then there exists 
K such that for any k > K the solution of system (5.1) with 6 = 6k satishes 


( 8 . 1 ) 


min Xi+i{t) - Xi{t) ^ Ma > 0, 

[0,Tc+a] 

2 = l,...,iV-l 


for some Ma independent of k. Accordingly the right-hand side of the equation in (5.1), 


together with its derivatives, is bounded when t G [0,Tc -|- a] by a quantity that depends 
on a. Therefore, we are in the position to apply the continuity result of the solution with 


respect to the parameter 6k. We obtain that, as fc —)■ -|-cx), the solution of (5.1) converges 


to (x“,... ,x“), solution of (1.15) in [0,Tc -|- a] and satisfying (8.1). The continuity of 
(xi,..., xn) and (x“,..., x^) implies that there exists r > 0 such that 


rriT := min Xi+iit) 

te[0,Tc-r] + ^ ^ 


Xi{t) ^ min Xi+i(Tc - 2r) - Xi{Tc - 2r) 

i=l,...,7V—1 


( 8 . 2 ) 


< 


< 


mm 


X, 




i+1 


(T,-2r)-x“(T,-2r). 


The right-hand side of the equation in (1.15) is Lipschitz continuous when t G [0,Tc — r] 
and Xj ^ 171^-. Uniqueness results then imply that Xj(t) = x“(t) for any t G [0,Tc — r) 
and i = 1,..., N which is in contradiction with (8.2). This proves (5.4). 


Next, from (5.4) we infer that for any a > 0 we have 

Xi+i{t) - Xi{t) ^ma> 0 


mm 

tG[0,Tc-a] 
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with rria independent of 6, and (5.5) is then a consequence of continuity result of the 
solution of (5.1) with respect to the parameter 6. With this, we have proved Propositions 
I3.ll and 15.11 

8.2. Proof of Propositions |3.4| and 5.3 In order to simplify the notation, we set, for 


(8.3) 


where H is the Heaviside function and 


Ui[t,x) := u Ci - “ Ci- 


'ijji{t,x) := -0 C 


X - Xi{t) 


Finally, let 
(8.4) 


h := e(Ve)t + -^W(v,) - I,v, - a. 


Roughly speaking, the quantity denotes the error term in this equation (i.e., how far 
the modified dislocation W is from being an exact solution). Thus, it is important to have 
careful estimates on this error term, as stated in the following result: 

Lemma 8.1. For any {t, x) G (0, T^) x M we have, for i = 1,..., N 

4 = '^Uj + a + CiCif]) + S 




N 


(8.5) 


+ J]{0(£"*+‘E,)+0(£"*cf)} 


i=i 


+ 0{e + 0{e^^). 


Proof. We have 


N 


( 8 . 6 ) 




£{V,), = E^'+V, - ^ Qcfu! ( (. 

i=i 

+E {cr^]+ fed”"' 


i=i 


£ 


Next, using the periodicity of W and a Taylor expansion of W at w*, we compute: 
e~‘^"W\ve) = + Ui + Y^Uj - ^| 






N 


Y, 0(£-2*i,") + + 0(£2‘). 

j¥=i i=i 


(8.7) 
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Finally, using (|1.7|) and (|2.3|), we evaluate 


(8.8) 


Islh ^ ( Ci-^ ) + E ^ Js'U ( 


Ci^i^s'4^ 


e 




j¥=i 


jT^i 






Ci^i 

-Ec. 


+ u' j + viW"{ui) - PF"(0)) 






W''{u,)^, + vl ) + viW^\u,) - W%0)) 


Summing (8.6), (8.7) and (8.8), and noticing that the terms involving u', and the term 


appearing in both (8.7) and (8.8), cancel, we get 


Is = £{Ve)t + £ W'{Ve) - IsVe “ O' 
N 

= E(-cF‘+‘4a+‘:"‘sM) 


i=i 


(8.9) 


j-2. ^ w'(Uj) + W"(Ui) a + E '“J + E - 'V"(Ui))i<j 


jV'i 


jy* 


(/y* 


+ Qc^r]{W"{u,) - W"m + CiC,h(PF"(h,) - hF"(0)) - 


a 


j¥=i 


N 


+ ^ 0(e-2‘fi|) + 0(£^-c^,ip]) + 0(£^-). 

j¥=i i=i 

Now, since hF'(O) = 0, we use a Taylor expansion of W around 0, to see that 

( 8 . 10 ) 

- £-"• ^ W'(u/) + W"(u,) (w + £-"* ^ id + C,c.i)(W'"(i.) - M'"(0)) 




jT^i 


-£- 2 ^ 5 ];iF"( 0 )h, + lF"(ni) + + C^c^v{W”(u,) - W'\ 0 ))+ J 20 {£ 

j¥=i V j¥=i / j¥=i 

s-^^{W"iu,) - hF''(0)) + W"{ui)a + CiC^v{W'\u,) - fF"(0)) + 

j¥=i j¥=i 

{W"{ui) - W'\0))ie-^^ J2^,+a + + W'\0)a + 

j¥=i j¥=i 


-2, 
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where we added and subtracted the term W”{0)a. Inserting (8.10) in (8.9), we get 


4 = {W'\u,) - + ^ + CiCiV) + W'iQ) 


a — a 




N 




i=i 




j¥=i 


j¥=i 


N 


J 2 o(e-^‘u]) + o(E^‘cy-) + o(£^*). 

jj^i i=l 


Now from (5.7) it follows that 


W"{^)a -a = 6. 


Moreover we have 


{W"(u,)-W"{0)) = O(u,), 

Cj{W"{uj) - W"{ui))^l)j = 0{cj^l)j), 


Cjri{W''{uj) - W''{Q)) = 0{c 


jUj). 


Equality (8.5) then follows. 


□ 


Let us now conclude the proof of Propositions 3.4 and 5.3 Recalling (8.4), we want to 


find "de such that for Xi+i{t) — Xi{t) ^'d^, i = 1 ,..., iV — 1, we have 
(8.11) Is = o(l) + d as £ —)■ 0. 

Let us divide the proof in two cases. 

Case 1. Suppose that x is close to Xi{t) more than e", for some z = 1 ,..., iV: 

K — 2s 


( 8 . 12 ) 


\x — Xi{t)\ ^ e°‘ with 0 < a < 


K 


where k is given in Lemma 2.1 Let us assume that for j i 

(8.13) l^i(^) ~ Xi{t)\ ^ "de > 2£" 
with "dg to be determined. Then for j ^ i 

(8.14) \x - Xj{t)\ ^ \Xi{t) - Xj{t)\ -\X- Xi{t)\ ^ \Xi{t) - Xj{t)\ - ^ y. 
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Hence, from (2.1) and (8.3), we get 

1 X — Xj{t) 


Uj (t, x) 


^2s 

1 

r2s 


+ 0 


2 sPH"(0) \x — Xj{t)\^+‘^^ 


u\q^-xM>.hu, 


X — Xj{t)\ X — Xj{t) 


+ 0 


2 sPH"(0) \x-Xj{t)\^+‘^^ 


^ C- 


\x 


Xj{t)y 


X — X'(t^ 

Next, a Taylor expansion of the fnnction -j- _ /....r. aronnd xAt), gives 

- Xj{t)\^+^^ 


\x 


X-Xj{t) 

Xi{t) - Xj{t) 

25 

\x — Xj{t)\^+‘^^ 

\Xi{t) -Xj(f)|l+2* 

- |e-x,(f)|i+ 2 J 




where is a snitable point lying on the segment joining x to Xi{t). The last two ineqnalities 
imply for j ^ i 

Xi{t) - Xj{t) 


(8.15) 


Uj{t,x) , ^ 1 

■2s , 


2 siy"(0) \xi{t) — Xj{t)\^+‘^^ 
Therefore, from (8.5), we get that 

1 Xi(t)-Xj(t) 




I, = o(ii) 5^ -c, 


dT^i 


2 slT"(0) \xi{t) — 


+ a + CiCiT] + 6 




(8.16) 


N 


+ Y,{0{e“*'i,) + 0(e^d)} 

i=i 

+ ^ {0{cji/jj) + 0(cjUj) + 0(e ^*h^)} + 0(£^*). 
j¥=i 

Now, we compnte the term between parenthesis in the first line above. From the definitions 
of Cj, rj and a given respectively in (5.6), (2.4) and (5.7), and the system of ODE’s (5.1), 
we obtain 


E-c, 


Xi(t) - Xj(t) - 'X(t,Xi(t)) 


(8.17) 




2 shF"(0) \xi{t) — Xj{t)y-+‘^^ 


hF"( 0 ) 
= 0{\x - Xi{t)\) 

= 0{en. 


Let ns now estimate the remaining terms in (8.16). From (5.6), (5.1) and (8.13), we have 
for J = 1..... IV 


(8.18) 

then 

(8.19) 


|c,l= 0 (i 9 r), 


0 (£ 2 -cf) = 
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Next, differentiating ( |5.1[ ) and nsing (5.6) 

r» . . 

.j i_ Z-.\L+i ~ ~ 


Ci = 


iCi - 5^0 




3 \ 


\ k^i 

Xj - Xi 




j I Xi Xj I 


-Oa(t, Xi) - 0<^ - X] 00 
- 70(<TOO^i(0) + <Ta;( 0 Ti(t))Ci) 


2s\xj — 


2s\xi — Xfc|^+ 2 ^ 

+ 0 a( 0 ^i) + 00 


Then 

( 8 . 20 ) 


0{e^^+^hj) = 

since = 0(£^““) and a < 1. 

Next, from (2.1) and (8.14), we have for j ^ i 

( 8 . 21 ) 


OO ^ Ce^^\x - Xj\-^^ ^ 


then nsing (8.18), we get for j ^ i 


( 8 . 22 ) 

Similarly 

(8.23) 


O(c,h0 = O(£^^C"0- 


- 0—1 


Next, from (2.5) we know that for |x| ^ e‘^ 

\ij{x)\ ^ |V'(£““^)| +C'£^0i-«). 


Therefore, from (8.14) and ( 8.18[ ) we get 

(8.24) 0{cj'iP^) = O + 0(£2di-«)^-2^). 

Let us choosesuch that 

(8.25) i9;2s^(£“-0, £2di-«)^-2. = ^(1) as £ ^ 0. 

Remark that'd^ > £“ implies < £«^- 2 s-k« _ since a satisfies the condition 


in (8.12). Then from (8.16), (8.17), (8.19), (8.20), (8.22), (8.23), (8.24) and (8.25) we 


obtain 

(8.26) 


h = 0{e^) + O(£^'*i 97^0 + + £“1970+2^) 

+ O (£“-^)) + 52 dl-«)^- 2 s ^ ^ 

= 0 ( 1 ) + 5. 


Case 2. Suppose that for any i = 1,..., iV we have 
























42 


STEFANIA PATRIZI AND ENRICO VALDINOCI 


If for j 7 ^ f, \xi — Xj\ ^ with > 25", we can assume that there exists i such that for 
3 ^ i 

\ X - Xj { t )\ ^ y. 

Then estimates (8.18), (8.19), (8.20), ( 8.21[ ), (8.22), (8.23) and (8.24) hold. Moreover, 
using (2.1), we have 

\u,\ ^ Ce‘^^\x - ^ 

and as a consequence, using in addition (8.21), for j ^ i 


Finally from (8.18), we have 


0{ui)ci = 


-o)„Q-2sj 


Then, if we assume (8.25), from (8.5), we obtain again (8.26). 

We have proven (8.11). Now, we can choose 5 = 5^ = o(l) as £ —)■ 0 such that 

> 0 


and the proposition is proven. With this, the statements in Propositions |3.4| and |5.3 
established. 


are 


h3. Proof of Lemmata 3.6 and 5.6 In what follows, we will use the notation 


' -^ £ 


when N = 2. Let a be defined as in (8.12) andsatisfying (8.25). The monotonicity of 
u implies that for j = 1,... ,N 


(8.27) 


« C 


x-Xj{0) 


>u{C 


X — x^^ 


We divide the proof in three cases. In the hrst two cases we will assume that the point 
X is close enough to either Xi or Xi for some i = 1,... ,N. This assumption will give a 
better estimate than (8.27), that will imply the desired result. In the third case, when x 
is sufficiently far from all the particles, we will recover the result choosing conveniently 
S>6e. 

Case 1. Suppose that x is close to xl more than e:", for some i = 1 ,..., A^: 

\x — x'^A ^ £“• 


Then, from estimate (2.1) 


u C 


1 


in ( 

3.17 


^ 1 - Ce^^e 


2s ^—2sa 


Next, from the initial conditions in (3.17) and in ( |5.21[ ), we get 

Ci{x - Xi(0)) = 0(a; - xl) + 0(T- - £*(0)) ^ ^ y. 


Therefore, from estimate (2.1) 


H c 7 ~ I ? 1 - ce-i) 


2s,q— 2s 
£ 
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Then, using in addition (8.27) we see that 

N r 

E 


i=i 






x-Xi{0)' 

> u Ci - - w Ci- 




Finally, remark that from (3.11), (5.9) and the initial conditions in (3.17) and in (5.21), 
for i = 1,..., iV 


(8.28) 

We conclude that 




q(TJ, c(0) = 




4(0, x) - v{Tl,x) ^ 444-2^" - 0(4^4-2*) > 0, 

for e small enough. 

Case 2. Suppose that x is close to f *(0) more than e:", for some i = 1 ,..., A^. 

b-4(0)1 


Then, from estimate (2.1) 


u ( 0^^ 1 4 444 


2s ^—2 sol 


Next, from the initial conditions in (3.17) and in ( |5.21[ ), we get 

Ci(x - xl) = C,i{x - 4(0)) + 4(4(0) - 4) 4 4-44 -y • 


Therefore, from estimate (2.1) 


u C 


4 


The conclusion then follows as in Case 1. 


Case 3. Suppose that for any i = 1 ,..., iV 

\x — 41 , \x — 4 ( 0)1 4 4 


In this case, from (8.28) and (8.25) we have 


c.Cm I Ci 


. Q(o)V' I c.^Tihi I = 0(1), 


From the previous estimate and (8.27), we get 




4(0, x) - n(4, x) ^ + d - 4)- 

Therefore, we can choose 4 = o(l) + 4 such that 

4 (0, a:) -v{tI,x) ^ 0 


and this concludes the proof of the lemmata. These arguments establish Lemmata 3.6 
and 1461 


8.4. Proof of Lemmata 5.4 and 3.5 The proof of Lemmata 5A and T5 is similar to 
the proof of Lemmata 3.6 and 5.6 For this reason we skip it. 
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